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Identi� cation of In� uential Uncertainties in Monte Carlo Analysis
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Monte Carlo simulation is a powerful and a practical tool for evaluating nonlinear systems. Its advantage is that
it allows the effects of combinations of uncertainties to be taken into account. When the result of a Monte Carlo
simulation is unsatisfactory, further investigations of both the system model and the control system are necessary,
and it is important to identify those uncertain parameters that signi� cantly in� uence the outcome of the simulation.
However, the in� uential parameters are usually dif� cult to identify because multiple uncertain parameters are
incorporated into a simulationsimultaneously.A methodologyis presented for identifying in� uential parameters in
Monte Carlo analysis. When a Monte Carlo simulationyields an unsatisfactory result, the in� uential uncertainties
are identi� ed by further Monte Carlo simulations incorporating test vectors derived from the original uncertain
parametervector and by a statisticalhypothesis test. The method is appliedto the simulationresults of anunmanned
� ight system, demonstrating its effectiveness in a practical application.

Nomenclature
H0 = null hypothesis
M = number of test vectors that incorporate each

uncertain parameter in NMCSI test vectors
M j = number of test vectors that incorporate

the j th uncertain parameter in NMCSI

test vectors
MF j = number of unsatisfactory result cases in M j

Monte Carlo simulations
N = number of Monte Carlo simulations
Ncmb = number of possible combinations of uncertain

parameters in test vector "¤
F

NF = number of unsatisfactory result cases
in NMCSI simulations

NMCE = number of Monte Carlo simulations
for system evaluation

NMCSI = number of Monte Carlo simulations
for parameter identi� cation

n = number of uncertain parameters
incorporated in Monte Carlo simulation

Pj = upper cumulative probability of p j .x/
p.x/; p j .x/ = probability of x failures occurring

when the null hypothesis is assumed
pF = probability of failure in NMCSI

Monte Carlo simulations
pF j = probability of failure in M j

Monte Carlo simulations
psuccess = probability of mission achievement
r = probability of taking each element

of "F to create "¤
F

Vg = ground speed, m/s
X , Y = vehicle position, m
PZ = sink rate, m/s
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zi = evaluation of i th simulation result
(success or failure)

® = level of signi� cance
¯G = side-slip angle of inertial velocity vector, deg
1Axrandom = sensor measurement random noise on x-axis

acceleration output
1Azrandom = sensor measurement random noise on z-axis

acceleration output
1CL = uncertainty of a lift coef� cient
1CL® = uncertainty of a lift coef� cient derivative

with respect to angle of attack, deg¡1

1Cmq = uncertainty of a pitching moment coef� cient
derivative with respect to pitch rate, s/deg

1Cm® = uncertainty of a pitching moment coef� cient
with respect to angle of attack, deg¡1

1 PXnav = initial navigation error of X-direction
velocity, m/s

" = uncertain parameter vector
"F = uncertain parameter vector that yields

unsatisfactorysimulation result
"¤

F = test vector created from "F

2 = pitch angle, deg
¾ = standard deviation
8 = roll angle, deg
9 = yaw angle, deg

Introduction

I N the development of autonomous aerospace vehicles, particu-
larly those such as aerospace planes that are required to operate

in extreme � ight regimes, opportunities for testing vehicle perfor-
mance in a real � ight environment are often limited. However, be-
cause the system must have suf� cient performance to be able to
complete its mission, extensive pre� ight analysis becomes a criti-
cally important part of the development process.

Monte Carlo simulation applied to system evaluation [Monte
Carlo evaluation (MCE)] is a powerful tool for pre� ight system
performance analysis.1¡3 Although requiring great computational
resources, its results are quite rewarding, and Monte Carlo sim-
ulation is becoming ever more practical as the power of modern
computers increases. MCE has several advantages: nonlinear sys-
tems can be evaluateddirectly,uncertainparameterscan be assumed
as physicalvalues,and the Monte Carlo results re� ect the in� uences
of various combinations of uncertain parameters.

The validityofMCE hasbeenestablishedfor linear time-invariant
systems4¡6 and then has been applied to the development of an
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unmanned � ight system, where simulation results were found to
agree with those of actual � ight experiments.7 Furthermore, the
application of MCE has been extended to control system design,
for the optimization of control parameters in a nonlinear system.
Here, the control parameters are optimized within a � xed control
structure, while Monte Carlo simulation evaluates the system and
is used to derive a cost function.A number of algorithmshave been
used for the stochasticoptimization,such as genetic algorithms,8¡10

the mean tracking method,11;12 and simulated annealing.13 Because
largenumbers of simulationtrials are required,a parallel processing
system has been developed to reduce the computation time.12;14

Because all uncertain parameters are incorporatedrandomly and
simultaneouslyinto each simulationtrial accordingto their assumed
probabilitydistributions, the in� uences of multiple uncertaintieson
the systemcan be evaluated.When a simulationtrial yieldsan unsat-
isfactory result, it is important to identify the signi� cant in� uential
uncertainparameters.Once these parameters are identi� ed, the sys-
tem design can be reconsidered,for example, further ground testing
might be conducted to reduce the magnitude of the uncertain pa-
rameters, or the control system might be redesigned to increase its
robustness against in� uential uncertain parameters. However, be-
cause a large number of uncertain parameters may be incorporated
simultaneously into the simulation, it can be dif� cult to identify
those that are the most in� uential.

This paper presents a methodology for identifying in� uential un-
certain parameters by means of further Monte Carlo simulations
incorporatingtest vectors and by applicationof a statistical hypoth-
esis test. Test vectors are created from an uncertain parameter input
vector that causes an unsatisfactory simulation result. These test
vectors are used as inputs to additionalMonte Carlo simulations for
parameter identi� cation [Monte Carlo simulation for identi� cation
(MCSI)]. Hypothesis testing is then applied to the result of MCSI
to identify the in� uential uncertain parameters. To demonstrate the
validity of this identi� cation method, it is applied to the MCE re-
sult of an unmanned autonomous � ight system. It is demonstrated
that in� uential parameters are identi� ed and that the identi� cation
method is effective for the developmentof � ight vehicles.

Monte Carlo Simulation
Monte Carlo simulation investigatesthe in� uences of variousun-

certainties on a � ight system using random sampling of uncertain
parameters.15 A � ight system is analyzed, and its control system is
designedbased on mathematicalmodels.However, in the real world
manyuncertainparametersexist suchasuncertaintiesin aerodynam-
ics, vehicle model, sensor measurement, actuator dynamics, initial
conditions, and environmental conditions. Investigating the in� u-
ences of these uncertain parameters on the system is necessary in
pre� ight analysis so that the system satis� es its designrequirements
in spite of these uncertainties.

The Monte Carlo simulation process is shown in Fig. 1. After an
inputuncertaintyvector"i , whoseelementsare generatedrandomly,
is incorporated into a system model, a � ight simulation trial is per-
formed and a result zi is obtained.If the resultmeets the requirement
(success),

zi D 0 (1a)

otherwise (failure),

zi D 1 (1b)

A new "i is then generated, and the process repeats for N itera-
tions. The � nal result is obtained either as a probability of mission
achievement,

psuccess D 1 ¡
P

i zi

N
(2)

or as a distribution of target state variables.
This paper introducestwo typesofMonteCarlo simulation:MCE,

which is used for system evaluation, and MCSI, which is used for
identifying in� uential uncertain parameters. MCE assesses a sys-
tem’s robustnessagainst uncertainties.All uncertain parameters are

Fig. 1 Monte Carlo simulation.

generatedrandomly and simultaneouslyaccording to their assumed
distributions, and the system is, thus, evaluated against different
combinations of uncertain parameters. Furthermore, nonlinear sys-
tems can be evaluated directly. On the other hand, MCSI identi� es
the uncertain parameters that are in� uential on the simulation out-
come. Some input vectors to MCE simulations will give results that
fail to meet the requirements, and the elements of such "i vectors
are used to create test vectors "¤

F , which is described in the next
section. In� uential uncertain parameters are investigated by further
Monte Carlo simulations that incorporate "¤

F .

Identi� cation of In� uential Uncertainties
The uncertain parameter identi� cation method presented in this

paper consists of two main steps. In the � rst step, MCSI, Monte
Carlo simulations incorporating test vectors are performed. These
test vectors are generatedusing elements of the uncertainparameter
vectors that give unsatisfactory simulation results. The generation
of these test vectors is a key techniqueof the � rst step. In the second
step, hypothesis testing is applied to the results of MCSI to identify
the in� uential uncertain parameters. In the discussion that follows,
the generationof test vectors and hypothesis testing are describedin
turn, and the identi� cation procedure is then summarized. Finally,
a modi� ed technique for generating test vectors is presented.

Test Vector Generation
In the identi� cation method, a test vector "¤

F is created from
an "F that yields an unsatisfactory simulation result. Monte Carlo
simulations incorporating different "¤

F then investigate randomly
the in� uence of each uncertain parameter "F . j/ on the outcome of
a simulation. Figure 2 shows the process of generating "¤

F .
Each test vector "¤

F is a subset of the original uncertainty vector
"F . To generate a test vector, each element of "F is selected for
incorporation into "¤

F with a probability r . Namely,
if U .0; 1/ 5 r

"¤
F . j/ D "F . j/

else

"¤
F . j/ D 0; j D 1; : : : ; n (3)

where U .0; 1/ is a random variable from a uniform distribution
between 0 and 1. A total of NMCSI vectors of "¤

F are generated in
this manner.

The objective of generating test vectors is to create various com-
binationsof uncertainparametersusing the elementsof "F , and so r
should be chosen so that the number of combinations is maximized.
Because the average number of uncertain parameters incorporated
in any single testvector is rn, thepossiblenumberof combinationsis
the ways of selecting rn from a total numberof uncertainparameters
n. Thus,

Ncmb D nCrn (4)

Because Ncmb is expressed as a binomial coef� cient, it has a maxi-
mum value at

rn D 1
2
n (5)

therefore,

r D 0:5 (6)
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Fig. 2 Generation of test vectors.

Fig. 3 Relationship between numbers of simulations and failures.

For this reason r D 0:5 is recommended,althoughother values, such
as r D 0:4 or 0.6, may also be acceptable.

MCSI is then performed for each of the NMCSI vectors of "¤
F . If

there are NF unsatisfactoryoutcomesout of NMCSI simulationtrials,
the probability of an unsatisfactory result is

pF D NF =NMCSI (7)

If the parameter "F . j/ is in� uential, the simulation result is more
likely to be unsatisfactory when the input vector "¤

F incorporates
"F . j/ than when it does not. Let the number of vectors "¤

F that in-
corporatethe element"F . j/ be M j and the numberof unsatisfactory
outcomes out of the M j simulations that incorporate the element be
MF j . The relationship between these quantities is shown in Fig. 3.
The probability of unsatisfactory simulation trial that incorporates
"F . j/ is

pF j D MF j =M j (8)

If "F . j/ has a signi� cant in� uence such as to causean unsatisfactory
outcome,

pF j > pF (9)

Hypothesis testing, described in the next section, is used to decide
whether pF j is signi� cantly greater than pF .

The advantageof this method is that in� uential parameterscan be
identi� ed evenwhen failureis causedby a combinationofmore than
one uncertainparameter.For example,when an unsatisfactoryresult
is caused by the combination of j th and kth uncertain parameters,
both MF j and MFk becomegreaterbecauseeachuncertainparameter
contributes to the failure, which means that both pF j and pFk also
become greater than pF . Thus, in� uential uncertain parameters can
be detected even when failure is caused by a particular combination
of multiple uncertain parameters.

Hypothesis Testing
The other main step of the identi� cation procedure is the appli-

cation of hypothesis testing to the results of the MCSI. Hypothesis
testing is the process of inferring from a sample whether or not a
given statement about the population (a hypothesis) appears to be
true.16 In hypothesis testing, a null hypothesis H0 is assumed to be
tested. If the data in the sample strongly disagree with the null hy-
pothesis, the null hypothesis is rejected and the conclusion is the

negation of the null hypothesis. For our problem, the null hypothe-
sis H0 is each uncertain parameter has no in� uence on whether the
result of MCSI is satisfactory.

Because the obtained quantity MF j is expected to become large
when the j th uncertain parameter is actually in� uential, an upper-
tailed test16 should be conducted. Under the null hypothesis, the
probability of MF j or more failures occurring among M j simula-
tions is calculated for each uncertain parameter. If the calculated
probability is signi� cantly small, the null hypothesis is rejectedand
the j th parameter is determined to be in� uential.

Under the null hypothesis,the probabilityof x failures occurring,
p j .x/, is calculated as

p j .x/ D

¡
NF Cx

¢¡
NMCSI ¡ NF CM j ¡ x

¢

NMCSI CM j

x D 0; : : : ; xmax; xmax D minfM j ; NF g (10)

where NMCSI CM j is the number of ways of selecting M j of j th uncer-
tainparameter froma totalnumberof simulations NMCSI, NF Cx is the
number of ways of selecting x failures from a total of NF failures,
and NMCSI ¡ NF CM j ¡ x is the number of ways of selecting .M j ¡ x/
successesfrom a total of .NMCSI ¡ NF / successes.The operatormin
in Eq. (10) indicates a minimum value. The distribution expressed
by Eq. (10) is called a hypergeometric distribution16 and is shown
in Fig. 4. Because x is a discrete value, the distribution of p j .x/ is
of the discrete type. As x has a value from 0 to xmax ,

xmaxX

x D 0

p j .x/ D 1 (11)

The probability that the failure x occurs the same number of times
as, or more often than, the experimental result MF j is given by

Pj D Pr[x ¸ MF j ] D
xmaxX

x D MF j

p j .x/ (12)

where Pr[¢] indicates a probability. Pj is called the p value, that is,
the smallest signi� cance level at which the null hypothesis would
be rejected for the obtained MF j (Ref. 16).

A very small value of Pj means that the result MF j is unlikely
to occur under the null hypothesis. In this case, the null hypothesis
should be suspected as being true because MF j actually occurred
in spite of a low probability of so doing. Thus, the decision rule
is that when Pj is smaller than the level of signi� cance ®, which
is determined by the practitioner, the null hypothesis is rejected; in
other words, the j th uncertainty is determined to be an in� uential
uncertain parameter.

The level of signi� cance ®, which indicates the risk of the prac-
titioner in accepting a false result, should be determined depending
on the applied system. Generally,® is often set to 5 or 1% (Ref. 16).
However, because the number of obtained P j is n, Pj D 1=n is
likely to occur by chance. As the number of uncertain parameters n

Fig. 4 Probability distribution of x failures occurring.
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Fig. 5 Rankingthe upper cumulativeprobabilities in ascending order.

increases, a small value of P j is likely to occur by chance, and so
when n is large, ® D 5 or 1% may be inappropriate. In this case,
it would be better to select a value of ®, at most, as one order of
magnitude smaller than the probability 1=n. Namely,

® D 1=.10n/ (13)

However, ® should be chosen smaller than the value given by
Eq. (13) when high reliability is required for the hypothesis test.
Basically, the value of ® must be chosen by the practitioneraccord-
ing to the application.

The value Pj , j D 1; : : : ; n, itself is more important. Because Pj

indicates a probability of no in� uence on the failure, the possibil-
ity of j th uncertain parameter’s contribution to the failure becomes
greater as Pj becomes smaller. The j th uncertain parameter may
be in� uential when the value of Pj is greater than, but close to, ®.
Potential in� uentialuncertaintiesare foundby ranking the values Pj

in ascending order, as shown in Fig. 5. To con� rm whether the po-
tential in� uential uncertaintiesare indeed in� uential, further MCSI
should be performed. If the j th uncertain parameter is actually in-
� uential, the corresponding Pj becomes small as NMCSI increases.
Thus, the value and order of P j are essential for the identi� cation
of in� uential uncertain parameters.

Summary of the Identi� cation Procedure
The procedure of the presented identi� cation method is summa-

rized in Fig. 6. After a systemis evaluatedby MCE, the identi� cation
procedure is carried out by the following steps. First, take an un-
certain parameter input vector "F that results in a failure in MCE.
Second, generate test vectors, "¤

Fi , i D 1; : : : ; NMCSI, using the el-
ements of "F . When "¤

Fi is generated, the number of times each
uncertainty is incorporated in NMCSI test vectors M j is obtained.
Third, performMonte Carlo simulations incorporating"¤

Fi (MCSI).
Fourth, count both the number of unsatisfactorysimulation results,
NF , in NMCSI simulations and the number of each uncertain para-
meter MF j , j D 1; : : : ; n, which are included NF test vectors that
caused unsatisfactorysimulation results.

In the next step, hypothesis testing is carriedout as follows. Fifth,
assume that each uncertain parameter has no in� uence on the sim-
ulation result (the null hypothesis). For each uncertain parameter
"F . j/, calculate p j .x/, the probabilityof x failuresoccurringamong
M j simulations. Sixth, for each uncertain parameter, calculate the
p value Pj D Pr[x ¸ MF j ]. Seventh, rank P j in ascending order
to see the signi� cance of each uncertain parameter contributing to
an unsatisfactory result. Finally, identify in� uential uncertain para-
meters by comparing Pj with the level of signi� cance ®. If Pj is
smaller than ®, the null hypothesisis rejectedand the corresponding
uncertainparameter "F . j/ is determined to be in� uential.When Pj

is a little greater than ® (potential signi� cant uncertain parameter),
additional MCSI may be necessary to con� rm the signi� cance of
uncertain parameter "F . j/.

Fig. 6 Procedure of in� uential uncertain parameter identi� cation.

Fig. 7 Modi� ed test vector generation.

Modi� cation of Test Vector Generation
In this section, a modi� ed method for test vector generation is

introduced. An advantage of this method is that the order of Pj is
obtained without calculating P j ; in other words, the candidates of
in� uential uncertainty, which have small values of Pj , are found
before hypothesis testing. Another advantage is that computation
load of hypothesis testing is reduced. Test vectors are generated by
the modi� ed method as follows.

Test vectors are generated so that the number of times each un-
certain parameter occurs in the test vector set, M j , is the same for
all uncertain parameters. That is,

M j D M; j D 1; : : : ; n (14)

where M is chosen to be

M D r NMCSI (15)

The number M is rounded off to the nearest integer. This manner of
generation is shown in Fig. 7. Each "F . j/ is allocated randomly to
M test vectors. When Eq. (14) is satis� ed, Eq. (10) becomes
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p j .x/ D p.x/ D
.NF Cx /

¡
NMCSI ¡ NF CM ¡ x

¢

NMCSI CM
; j D 1; : : : ; n

(16)

The distribution p j .x/ then becomes the same for all uncertain pa-
rameters "F . j/. The upper cumulative probability Pj is calculated
using Eq. (12) as

Pj D
xmaxX

x D MF j

p.x/; j D 1; : : : ; n (17)

An advantage of this method is that the value of Pj in Eq. (17)
depends only on the number of p.x/ to be summed. Because Pj

becomes smaller as MF j becomes greater, the ascending order of
Pj is consistent with the descending order of MF j that is obtained
by MCSI. Thus, the order of P j , which is the order of parameter’s
signi� cance, can be obtained before calculating p.x/ or Pj . An-
other advantage is that, because the calculation of p j .x/ for all j
is unnecessary, the computation load of hypothesis testing is re-
duced. This reduction of computation load becomes increasingly
effective as NMCSI becomes larger because p.x/ requires a calcu-
lation of three binomial coef� cients in Eq. (16). However, in the
modi� ed procedure, the number M must be determined before the
generationof test vectors,whereas the generationprocedure shown
in Fig. 2 has no such a restriction.The generationprocedure shown
in Fig. 2 is simpler than the modi� ed procedure.Thus, in practice the
generation procedureof Fig. 2 may be convenient in some applica-
tions although the modi� ed procedurehas the advantagesdescribed
earlier.

Application to Autonomous Flight System
To demonstrate the practical application of the identi� cation

method, it is now applied to the identi� cation of in� uential un-
certainties in the automatic landing � ight experiment (ALFLEX)
unmanned autonomous � ight system. First, the ALFLEX � ight-test
programand itsMonteCarlo simulationresultsare introduced.Next,
in� uential uncertain parameters are identi� ed by the procedure de-
scribed. Then, the in� uence of NMCSI on the reliability of the iden-
ti� cation result is investigated. Finally, the identi� cation method
is compared with sensitivity analysis, a conventional method for
identifying in� uential parameters. The advantages of the presented
identi� cation method are also discussed.

ALFLEX Program
The ALFLEX program was conducted in 1996 to establish au-

tomatic landing technology for a future Japanese unmanned reen-
try vehicle. There were 13 automatic landing � ight experiments
successfully conducted at Woomera Air� eld in South Australia. A
three-view schema of the ALFLEX vehicle is shown in Fig. 8. De-
tailsof theALFLEX experimentand its controlsystemaredescribed
in Ref. 17.

Fig. 8 ALFLEX vehicle.

Figure 9 shows the landing experiment � ight pro� le. The
ALFLEX vehiclestarts the experimentsuspendedfrom a helicopter.
After the vehicle is released into free � ight about 2700 m from the
runway threshold at a height of 1500 m, it is guided to follow a
predetermined reference path, controlled by an onboard computer.
The � ight is divided into a number of phases: an equilibrium glide
phase, a pre� are phase, and a � nal � are phase. In the pre� are phase,
the vehicle pitches up and air speed is reduced; then in the � nal � are
phase, sink rate becomes the primary controlled variable to give a
soft landing.Different longitudinalguidancelaws were designedfor
each � ight phase based on corresponding linear models and were
smoothly connected. The system is, thus, highly nonlinear, and is,
therefore, a case for which MCE is effective.

In pre� ight Monte Carlo analysis, various uncertain parameters
and their distributionswere assumed. The types of uncertaintiesare
shown in Fig. 10, and the total number of uncertain parameters con-
sidered was n D 103, as shown in Table 1. Computer simulations
incorporating the uncertainties were performed of � ights from ve-
hicle release to landing,and the simulationoutcomeswere classi� ed
according to the touchdown state requirements shown in Table 2.
Table 3 shows the numbers of simulation cases in which one or
more of the requirement criteria were exceeded. In Table 3, unsta-
ble means that the vehicle became unstable and was unable to reach
the runway. The total number of unsatisfactory cases is shown at
the bottom of Table 3, and its value differs from a simple sum of
the numbersof requirementviolationsshown becausein some cases

Table 1 Uncertain parameters
for ALFLEX model

Number of
Category parameters

Sensor error 38
Vehicle model error 41
Environmental condition 6
Initial condition 18
Total 103

Fig. 9 Flight pro� le of ALFLEX landing experiment.
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Table 2 ALFLEX touchdown
performance requirements

Touchdown
state Requirement

Positiona X > 0 m, jY j <18 m
Velocity VG < 62 m/s, PZ < 3 m/s
Attitude 2 < 23 deg, j8j < 10 deg,

j9j < 8 deg
Side slip j¯G j < 8 deg

a In runwaycoordinatesystem; theorigin is at the
runway threshold, the X axis is directed along
the runway centerline and the Z axis is directed
downward.

Table 3 Numbers of cases exceeding
each requirement in 1000 MCE

Number of
Parameter cases

X 7
Y 0
PZ 31
VG 8
2 0
8 0
9 3
¯G 0
Unstable 1
Total 40

Fig. 10 Uncertain parameters incorporated into ALFLEX Monte
Carlo simulation.

more than one requirement was exceeded. In this result, 4% of all
cases were unsatisfactory. An example of the distribution of simu-
lation touchdown states is shown in Fig. 11. The solid lines in these
graphs indicate the requirements of Table 2.

Identi� cation of In� uential Uncertainties
From the results of 1000 MCE (NMCE D 1000/ as shown in

Table 3, the touchdown sink rate requirement was found to be the
most frequently violated touchdown state with 31 cases failing to
meet the requirement.The in� uentialuncertainparametersaffecting
touchdown sink rate will be now identi� ed.

In this example, the number of uncertain vectors "F that caused
unsatisfactory simulation results is 31. If one of the 31 uncertain
vectors is selected and used to generate test vectors according to
the procedure shown in Fig. 2 or 7, then the in� uential uncertain
parameters for the selected vector will be identi� ed. Thus, a set
of in� uential parameters is derived for each of the 31 uncertain

Fig. 11 Touchdown states of 1000 MCE.

Fig. 12 Test vector generation for the ALFLEX example.

vectors. However, because the identi� cation procedure, which is
shown in Fig. 6, must be repeated 31 times for each "F , substantial
computationtime is necessary.To avoid this burden in this example,
the 31 uncertain vectors of "F are treated simultaneously to derive
the in� uential uncertain parameters for all 31 unsatisfactorycases.
In practice, it is importantto � nd the in� uentialuncertainparameters
that affect the most unsatisfactorycases.

The identi� cation procedure is as follows. First, take the 31 un-
certain parameter vectors of simulationcases that failed to meet the
touchdown sink rate requirement. Second, arrange these 31 vectors
"Fi in succession. Line up NMCSI uncertain parameter vectors, "F i ,
i D 1; : : : ; 31, in sequence as shown in Fig. 12, repeating the se-
quence as necessary because NMCSI is usually larger than 31. Third,
create NMCSI test vectors "¤

F from the corresponding NMCSI vectors
of "F , such that Eqs. (14) and (15) are satis� ed, as shown in Fig. 7.
Fourth, conduct Monte Carlo simulations incorporating these test
vectors "¤

Fi , i D 1; : : : ; NMCSI. Fifth, obtain the number of unsat-
isfactory simulation results, NF , and the quantities MF j for each
uncertain parameter "F . j/, j D 1; : : : ; n. Finally, calculate Pj for
each uncertain parameter using Eqs. (16) and (17). When P j is less
than the level of signi� cance ®, the j th uncertain parameter is de-
termined to be in� uential.

In this analysis, the constants r and NMCSI are set to

r D 0:5 (18a)
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Table 4 Identi� ed in� uential uncertain parameters

Uncertain
parameter Pj , % MF j M

1Cm® 4.70£ 10¡13 108 500
1Axrandom 5:37 £ 10¡4 91 500
1Azrandom 1:27 £ 10¡3 90 500

Table 5 Results of 1000 MCE

Removed uncertain No. of
Case parameter failuresa

1 None 31
2 1Cm® , 1Axrandom , 1Azrandom 0
3 1Cm® 20
4 1Axrandom 29
5 1Azrandom 26
6 1Cm® , 1Azrandom 6
7 1Cm® , 1Axrandom 7
8 1Axrandom , 1Azrandom 17

aNumber of cases exceeding touchdown sink rate requirement.

NMCSI D 1000 (18b)

Therefore,

M D r NMCSI D 500 (18c)

The level of signi� cance is obtained using Eq. (13). Namely,

® D 1=.10 £ 103/ ¼ 0:1% (18d)

As a result of NMCSI Monte Carlo simulations, the number of unsat-
isfactory simulation cases is

NF D 134 (18e)

The identi� ed uncertainparameters and the correspondingvalues
of MF j and P j are shown in Table 4. The uncertain parameters are
an aerodynamic uncertainty 1Cm® and two sensor measurement
random noises 1Axrandom and 1Azrandom. The values of P j for these
three uncertainties are much less than ®, indicating that these para-
meters affect touchdown sink rate signi� cantly, whereas P j for the
other 100 uncertain parameters are greater than ®. In this example,
because M is chosen to be the same value for all uncertain para-
meters, the ascending order of Pj is consistent with the descending
order of MF j .

To con� rm that the identi� ed uncertaintiesare indeed in� uential,
the three identi� ed parameters are removed from the original NMCE

vectors of " and Monte Carlo evaluation is performed again. The
result, shown in Fig. 13, can be comparedwith Fig. 11, which is the
result before the removal of the identi� ed parameters from the sim-
ulations. The numbers of cases now violating touchdown sink rate
requirements are shown in Table 5. When the three identi� ed un-
certain parameters are omitted from the Monte Carlo simulations,
the number of resulting unsatisfactory cases becomes zero (case
number 2). On the other hand, if any one of the identi� ed uncer-
tain parameters is incorporated, cases that violate the requirement
occur (cases 3–8). These results con� rm that the three identi� ed
uncertainties are indeed in� uential on touchdown sink rate.

Table 5 also shows that the numberof unsatisfactorycases arising
when 1Cm®

is removed from the simulations is much less than for
simulations incorporating 1Cm® . It is, therefore, considered that
1Cm®

is the most in� uential parameter on touchdown sink rate.
This result is consistentwith Table 4 in which the p value of 1Cm®

is signi� cantly smaller than for the other uncertain parameters.

In� uence of NMCSI

Generally, the result of a hypothesis test becomes more reliable
as the number of samples increases. The in� uence of NMCSI on the
result of the hypothesis test is now investigated.

In Fig. 14, the values of Pj for each uncertainparameter are plot-
ted for several values of NMCSI. The values of P j for all uncertain

Fig. 13 Touchdown states of 1000 MCE excluding uncertainties of
D Cm® , D Axrandom , D Azrandom .

parameters"F . j/, j D 1; : : : ; n, are indicatedby dots.The threeval-
ues of Pj that correspondto the identi� ed three in� uentialuncertain
parameters,which are shown as dotted lines, becomesmall as NMCSI

increases, whereas the P j values for most uncertainties are greater
than ®. Thus, in� uential uncertain parameters are more likely to be
identi� ed as NMCSI increases.In this example,when NMCSI is greater
than 800, the values of Pj for 1Cm®

, 1Axrandom, and 1Azrandom are
less than the level of signi� cance. On the other hand, identi� cation
becomes more dif� cult as NMCSI becomes smaller. For example,
when NMCSI D 200, because the values of P j for 1Axrandom and
1Azrandom are greater than ®, the null hypothesis is unable to be re-
jected. However, 1Cm® can be identi� ed as an in� uential parameter
even when NMCSI D 200 because P j for 1Cm®

is much less than ®.
From the results, when the in� uence of an uncertain parameter on
the simulation outcome is strong, the uncertain parameter can be
identi� ed even when NMCSI is small, indicating that the value Pj

shows the signi� cance of each uncertain parameter.

Comparison with Sensitivity Analysis
The presented identi� cation method is now comparedwith sensi-

tivity analysis,which is a conventionalmethodfor � nding in� uential
uncertain parameters. After in� uential uncertainties on touchdown
sink rate are analyzed by sensitivity analysis, the advantagesof the
presented identi� cation method are discussed.

In the sensitivity analysis, the in� uence of each uncertain para-
meter is individuallyinvestigatedby simulation;in otherwords,only
one uncertain parameter is consideredat a time. When a signi� cant
failure outcome is due to the incorporation of an uncertain para-
meter, the parameter is identi� ed as in� uential. For each simulation
in the ALFLEX sensitivity analysis, the 3¾ value of the uncertain
parameter under investigationwas incorporated and the touchdown
sink rate result expressed as a difference from the nominal value of
0.61 m/s. Figure 15 shows the 10 most in� uential uncertain para-
meters on touchdown sink rate as determined by this process. By
this method, 1Cm® is identi� ed as an in� uential uncertain para-
meter becausethe touchdownsink rate for thecase incorporatingthe
3¾ value of 1Cm® is 3.47 m/s (D 0:61 C 2:86), which exceeds the
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Fig. 14 In� uence of number of simulations NMCSI on the hypothesis test.

Fig. 15 In� uential uncertain parameters on touchdown sink rate by
sensitivity analysis.

requirement of 3.0 m/s. Because such a result is of great conse-
quence for an automatic landing experiment, a preliminary � ight
test of the actual ALFLEX vehicle was conducted to estimate its
aerodynamic characteristics and the variation of 1Cm®

was conse-
quently reduced.11

Although 1Cm®
is correctly identi� ed as an in� uential uncer-

tain parameter, sensitivity analysis fails to identify 1Axrandom and
1Azrandom. The in� uence of 1Axrandom is similar to those of other
parameters except 1Cm® in Fig. 15, and 1Azrandom was unable to
be identi� ed. From the results, sensitivity analysis is insuf� cient
to identify in� uential parameters when the following cases occur
in MCE. First, failure cases might occur due to particular combi-
nations of uncertain parameters, even though the sensitivity of the
system to each of these parameters individuallymay be quite small.
In such cases, sensitivity analysis is unable to reveal the in� uential
uncertainparametersbecause it only examines the in� uence of each
uncertain parameter individually.Second, the in� uences of random
noises, such as 1Axrandom or 1Azrandom, can vary dependingon their
time histories. For these uncertain parameters, sensitivity analysis
can be ineffectivebecause only a single simulation is performed for
each uncertainty.In MCE, becausemultiple simulations incorporat-
ing uncertain random noises are carried out using different random
generation seeds (and, thus, different time histories) for each trial,
such sensitivities are revealed. To investigate the in� uence of ran-
dom noises, 1000 MCE are performed incorporating each random
noise, 1Axrandom or 1Azrandom , as shown in Fig. 16. The touchdown
sink rates vary from less than 0.1 to 2.2 m/s when 1Azrandom alone

Only D Axrandom incorporated

Only D Azrandom incorporated

Fig. 16 In� uence of random seeds on touchdown sink rate in 1000
MCE.

is incorporated. The sink rate of 2.2 m/s is quite signi� cant result
for one parameter’s in� uence, whereas the in� uence of 0.1 m/s is
almost negligible.Thus, it is shown that touchdown performance is
sometimes seriously affected by the differenceof random seeds be-
tween simulations. If local characteristicsof time sequence random
data, such as mean value, are biased during a critical � ight phase,
the vehicle’s landing performance is seriously affected.

In summary,althoughsensitivityanalysisgivesvaluableinforma-
tion about in� uential uncertain parameters, there are cases where it
will fail to detect in� uential parameters. The identi� cation method
presented in this paper overcomes these problems because the in-
� uence of each uncertain parameter is randomly investigatedusing
Monte Carlo simulation, MCSI.
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Conclusions
A method of identifying uncertain parameters that signi� cantly

affect the outcome of MCE was presented. In this method, test vec-
tors are created as inputs to further Monte Carlo simulation (MCSI),
and a statistical hypothesis test is applied to the result to determine
whether or not each uncertain parameter is in� uential. The practical
effectiveness of the method was demonstrated by its application to
the pre� ight MCE results of the ALFLEX program, and in� uen-
tial parameters affecting touchdown sink rate were identi� ed. The
relationship between the number of test vectors and the reliability
of hypothesis test was also investigated. Finally, the results of this
identi� cation method were compared with those obtained by sensi-
tivity analysis, a conventionalmethod of � nding in� uential param-
eters. The comparison con� rmed the advantages of the presented
identi� cation method. With this identi� cation method, Monte Carlo
simulation is expected to become a more useful and attractive tool
for system evaluation.
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