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Identification of Influential Uncertainties in Monte Carlo Analysis
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Monte Carlo simulationis a powerful and a practical tool for evaluating nonlinear systems. Its advantageis that
it allows the effects of combinations of uncertainties to be taken into account. When the result of a Monte Carlo
simulation is unsatisfactory, further investigations of both the system model and the control system are necessary,
and it is important to identify those uncertain parameters that significantly influence the outcome of the simulation.
However, the influential parameters are usually difficult to identify because multiple uncertain parameters are
incorporated into a simulationsimultaneously. A methodologyis presented for identifying influential parameters in
Monte Carlo analysis. When a Monte Carlo simulation yields an unsatisfactory result, the influential uncertainties
are identified by further Monte Carlo simulations incorporating test vectors derived from the original uncertain
parameter vector and by a statistical hypothesis test. The method is applied to the simulation results of an unmanned
flight system, demonstrating its effectiveness in a practical application.

Nomenclature
H, = null hypothesis
M = number of test vectors that incorporate each
uncertain parameter in Nycs; test vectors
M; = number of test vectors that incorporate
the jth uncertain parameter in Nyicsi
test vectors
Mp; = number of unsatisfactoryresult casesin M
Monte Carlo simulations
N = number of Monte Carlo simulations
Nemb = number of possible combinations of uncertain
parameters in test vector €7,
Ng = number of unsatisfactory result cases
in Nycst simulations
Nuce = number of Monte Carlo simulations
for system evaluation
Nucest = number of Monte Carlo simulations
for parameter identification
n = number of uncertain parameters
incorporatedin Monte Carlo simulation
P = upper cumulative probability of p;(x)

probability of x failures occurring
when the null hypothesisis assumed

PG () =

Pr = probability of failure in Ny;cs;
Monte Carlo simulations

PFj = probability of failure in M;
Monte Carlo simulations

Psuccess = probability of mission achievement

r = probability of taking each element
of ep to create €%,

V, = ground speed, m/s

X, Y = vehicle position, m

VA = sink rate, m/s
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2 = evaluation of ith simulation result
(success or failure)

o = level of significance

Bs = side-slip angle of inertial velocity vector, deg

AAXpndom = sensor measurement random noise on x-axis
acceleration output

A AZrandom = sensor measurement random noise on z-axis
acceleration output

AC, = uncertainty of a lift coefficient

AC,, = uncertainty of a lift coefficient derivative
with respect to angle of attack, deg™"

AC,, = uncertainty of a pitching moment coefficient
derivative with respect to pitch rate, s/deg

AC,, = uncertainty of a pitching moment coefficient

) with respect to angle of attack, deg™"

AX = initial navigation error of X-direction
velocity, m/s

€ = uncertain parameter vector

EF = uncertain parameter vector that yields
unsatisfactory simulation result

S = test vector created from g

® = pitch angle, deg

o = standard deviation

P = roll angle, deg

v = yaw angle, deg

Introduction

N the development of autonomous aerospace vehicles, particu-

larly those such as aerospace planes that are required to operate
in extreme flight regimes, opportunities for testing vehicle perfor-
mance in a real flight environment are often limited. However, be-
cause the system must have sufficient performance to be able to
complete its mission, extensive preflight analysis becomes a criti-
cally important part of the development process.

Monte Carlo simulation applied to system evaluation [Monte
Carlo evaluation (MCE)] is a powerful tool for preflight system
performance analysis.!~* Although requiring great computational
resources, its results are quite rewarding, and Monte Carlo sim-
ulation is becoming ever more practical as the power of modern
computers increases. MCE has several advantages: nonlinear sys-
tems can be evaluateddirectly, uncertain parameters can be assumed
as physical values, and the Monte Carlo resultsreflect the influences
of various combinations of uncertain parameters.

The validity of MCE has been establishedfor linear time-invariant
systems*~® and then has been applied to the development of an
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unmanned flight system, where simulation results were found to
agree with those of actual flight experiments.” Furthermore, the
application of MCE has been extended to control system design,
for the optimization of control parameters in a nonlinear system.
Here, the control parameters are optimized within a fixed control
structure, while Monte Carlo simulation evaluates the system and
is used to derive a cost function. A number of algorithms have been
used for the stochastic optimization,such as genetic algorithms 3~1°
the mean tracking method,!!"!? and simulated annealing.!* Because
large numbers of simulation trials are required, a parallel processing
system has been developed to reduce the computation time.!>!4

Because all uncertain parameters are incorporatedrandomly and
simultaneouslyinto each simulationtrial accordingto their assumed
probability distributions, the influences of multiple uncertaintieson
the systemcan be evaluated. When a simulation trial yields an unsat-
isfactory result, it is important to identify the significant influential
uncertain parameters. Once these parameters are identified, the sys-
tem design can be reconsidered, for example, further ground testing
might be conducted to reduce the magnitude of the uncertain pa-
rameters, or the control system might be redesigned to increase its
robustness against influential uncertain parameters. However, be-
cause a large number of uncertain parameters may be incorporated
simultaneously into the simulation, it can be difficult to identify
those that are the most influential.

This paper presents a methodology for identifying influential un-
certain parameters by means of further Monte Carlo simulations
incorporatingtest vectors and by application of a statistical hypoth-
esis test. Test vectors are created from an uncertain parameter input
vector that causes an unsatisfactory simulation result. These test
vectors are used as inputs to additional Monte Carlo simulations for
parameter identification [Monte Carlo simulation for identification
(MCSD)]. Hypothesis testing is then applied to the result of MCSI
to identify the influential uncertain parameters. To demonstrate the
validity of this identification method, it is applied to the MCE re-
sult of an unmanned autonomous flight system. It is demonstrated
that influential parameters are identified and that the identification
method is effective for the development of flight vehicles.

Monte Carlo Simulation

Monte Carlo simulationinvestigatesthe influences of various un-
certainties on a flight system using random sampling of uncertain
parameters.”® A flight system is analyzed, and its control system is
designed based on mathematical models. However, in the real world
many uncertainparametersexistsuch asuncertaintiesin aerodynam-
ics, vehicle model, sensor measurement, actuator dynamics, initial
conditions, and environmental conditions. Investigating the influ-
ences of these uncertain parameters on the system is necessary in
preflightanalysis so that the system satisfies its designrequirements
in spite of these uncertainties.

The Monte Carlo simulation process is shown in Fig. 1. After an
inputuncertaintyvectore;, whose elementsare generatedrandomly,
is incorporatedinto a system model, a flight simulation trial is per-
formed and aresultz; is obtained.If the resultmeets the requirement
(success),

z;=0 (1a)
otherwise (failure),
zi=1 (1b)

A new g; is then generated, and the process repeats for N itera-
tions. The final result is obtained either as a probability of mission
achievement,

Z,‘ Zi
= )

psucccss == 1
or as a distribution of target state variables.

This paperintroducestwo types of Monte Carlo simulation: MCE,
which is used for system evaluation, and MCSI, which is used for
identifying influential uncertain parameters. MCE assesses a sys-
tem’s robustness against uncertainties. All uncertain parameters are

Flight Simulation
Result
z= {Zi}

Z;=0: success

System Model
»  Vehicle model
% Environmental condition
» Control system

Input  Uncertain
Parameter Vector
€ Z;=1: failure

(i=1--,N)

i

Repeat N times
Fig. 1 Monte Carlo simulation.

generatedrandomly and simultaneously according to their assumed
distributions, and the system is, thus, evaluated against different
combinations of uncertain parameters. Furthermore, nonlinear sys-
tems can be evaluated directly. On the other hand, MCSI identifies
the uncertain parameters that are influential on the simulation out-
come. Some input vectors to MCE simulations will give results that
fail to meet the requirements, and the elements of such €; vectors
are used to create test vectors €7, which is described in the next
section. Influential uncertain parameters are investigated by further
Monte Carlo simulations that incorporate 7.

Identification of Influential Uncertainties

The uncertain parameter identification method presented in this
paper consists of two main steps. In the first step, MCSI, Monte
Carlo simulations incorporating test vectors are performed. These
test vectors are generated using elements of the uncertain parameter
vectors that give unsatisfactory simulation results. The generation
of these test vectors is a key technique of the first step. In the second
step, hypothesistesting is applied to the results of MCSI to identify
the influential uncertain parameters. In the discussion that follows,
the generation of test vectors and hypothesistesting are describedin
turn, and the identification procedure is then summarized. Finally,
a modified technique for generating test vectors is presented.

Test Vector Generation

In the identification method, a test vector €7 is created from
an € that yields an unsatisfactory simulation result. Monte Carlo
simulations incorporating different €7 then investigate randomly
the influence of each uncertain parameter ¢ (j) on the outcome of
a simulation. Figure 2 shows the process of generating £7..

Each test vector €}, is a subset of the original uncertainty vector
er. To generate a test vector, each element of € is selected for
incorporationinto €} with a probability 7. Namely,

ifU©,1)sr

ex(J) = er(J)
else
ep(j) =0,

where U (0, 1) is a random variable from a uniform distribution
between 0 and 1. A total of Nycs; vectors of €}, are generated in
this manner.

The objective of generating test vectors is to create various com-
binationsof uncertain parameters using the elementsof €, and so r
should be chosen so that the number of combinations is maximized.
Because the average number of uncertain parameters incorporated
inany single test vectoris rn, the possiblenumber of combinationsis
the ways of selecting rn from a total number of uncertain parameters
n. Thus,

j=1,...,n 3)

Ncmb = nCrn (4)

Because N, is expressed as a binomial coefficient, it has a maxi-
mum value at

m=1in %)
therefore,

r=20.5 6)
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N,y test vectors

A
€ £ €, Y
—~ °F , SFU N o SF2 N st
sF(I)j e-() 0 e () )
£ (2) 0 £:(2) £:(2)
£.(3) £.(3) 0 0
£ (4 : £x(4) 0 ] . .
£:(5) 0 £ (5) | £.(5) :e':(‘l:mm;:nswnal
£x(6) 0 £:(0) 0
e.(T) ex (1) e:(7) 0
£p(m) £:(n) 0 £, (n)

—R ~—
Each clement £.(j) is sclected
with a probability of r [Eq.(3)].

Original uncertain vector
that caused failure

Fig. 2 Generation of test vectors.

*0:2: Failure

F

Fig. 3 Relationship between numbers of simulations and failures.

For thisreasonr = 0.5 is recommended, although other values, such
as r =0.4 or 0.6, may also be acceptable.

MCSI is then performed for each of the Ny vectors of €. If
there are Ny unsatisfactoryoutcomes out of Nycs; simulationtrials,
the probability of an unsatisfactory result is

Pr = Ng/Nycsi @)

If the parameter ¢ (j) is influential, the simulation result is more
likely to be unsatisfactory when the input vector €}, incorporates
er(j) than when it does not. Let the number of vectors €} that in-
corporatethe elemente (j) be M; and the number of unsatisfactory
outcomes out of the M; simulations that incorporate the element be
M ;. The relationship between these quantities is shown in Fig. 3.
The probability of unsatisfactory simulation trial that incorporates
ep(J)is

prj = Mrp;/M; (8)

Ifer (j) hasasignificantinfluence such as to cause an unsatisfactory
outcome,

Prj> Pr 9)

Hypothesis testing, described in the next section, is used to decide
whether pp; is significantly greater than pr.

The advantageof this methodis thatinfluential parameterscan be
identified even when failureis caused by a combinationof more than
one uncertainparameter. For example, when an unsatisfactoryresult
is caused by the combination of jth and kth uncertain parameters,
both M ;; and M, become greaterbecauseeachuncertainparameter
contributes to the failure, which means that both pr; and pg; also
become greater than pr. Thus, influential uncertain parameters can
be detected even when failure is caused by a particular combination
of multiple uncertain parameters.

Hypothesis Testing

The other main step of the identification procedure is the appli-
cation of hypothesis testing to the results of the MCSI. Hypothesis
testing is the process of inferring from a sample whether or not a
given statement about the population (a hypothesis) appears to be
true.!® In hypothesis testing, a null hypothesis H, is assumed to be
tested. If the data in the sample strongly disagree with the null hy-
pothesis, the null hypothesis is rejected and the conclusion is the

negation of the null hypothesis. For our problem, the null hypothe-
sis Hy is each uncertain parameter has no influence on whether the
result of MCSI is satisfactory.

Because the obtained quantity M; is expected to become large
when the jth uncertain parameter is actually influential, an upper-
tailed test'® should be conducted. Under the null hypothesis, the
probability of M; or more failures occurring among M ; simula-
tions is calculated for each uncertain parameter. If the calculated
probability is significantly small, the null hypothesisis rejected and
the jth parameteris determined to be influential.

Under the null hypothesis,the probability of x failures occurring,
p;(x), is calculated as

(NF CX) (NMCSI - NFCM/ —x)

Nmcst CM,

pi(x) =

x=0,..., Xmax» Xpax = min{M;, Nr} (10)
where yy,c5 C; 18 the number of ways of selecting M; of jth uncer-
tain parameter from a totalnumber of simulations Nycsy, v, C, is the
number of ways of selecting x failures from a total of Ny failures,
and yyeq - Ny CM/ _x is the number of ways of selecting (M; — x)
successesfrom a total of (Nycs; — M) successes. The operatormin
in Eq. (10) indicates a minimum value. The distribution expressed
by Eq. (10) is called a hypergeometric distribution'® and is shown
in Fig. 4. Because x is a discrete value, the distribution of p;(x) is
of the discrete type. As x has a value from 0 to Xy,

Xmax

pi(x) =1 (11)

x=0

The probability that the failure x occurs the same number of times
as, or more often than, the experimental result M; is given by

Py =Prlx=Mpl= D p;(x) (12)

x=MFj

where Pr[-] indicates a probability. P; is called the p value, that is,
the smallest significance level at which the null hypothesis would
be rejected for the obtained My; (Ref. 16).

A very small value of P; means that the result Mp; is unlikely
to occur under the null hypothesis. In this case, the null hypothesis
should be suspected as being true because M; actually occurred
in spite of a low probability of so doing. Thus, the decision rule
is that when P; is smaller than the level of significance o, which
is determined by the practitioner, the null hypothesis is rejected; in
other words, the jth uncertainty is determined to be an influential
uncertain parameter.

The level of significance «, which indicates the risk of the prac-
titioner in accepting a false result, should be determined depending
on the applied system. Generally, « is often set to 5 or 1% (Ref. 16).
However, because the number of obtained P; is n, P;=1/n is
likely to occur by chance. As the number of uncertain parameters n

p,(x)

i

Fig. 4 Probability distribution of x failures occurring.

M

1
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Potential significant uncertainties
(These uncertainties might be influential)

Identified Influential Uncertainties

Upper Cumulative Probability  ~y

[em]

&, () e, (j,) s () £:.s)

Uncertain parameters

&0 g:(i) £,.0,)

Fig. 5 Rankingthe upper cumulative probabilitiesin ascending order.

increases, a small value of P; is likely to occur by chance, and so
when n is large, « =5 or 1% may be inappropriate. In this case,
it would be better to select a value of «, at most, as one order of
magnitude smaller than the probability 1/n. Namely,

a = 1/(10n) (13)

However, « should be chosen smaller than the value given by
Eq. (13) when high reliability is required for the hypothesis test.
Basically, the value of « must be chosen by the practitioneraccord-
ing to the application.

The value P;, j =1, ..., n, itself is more important. Because P;
indicates a probability of no influence on the failure, the possibil-
ity of jth uncertain parameter’s contribution to the failure becomes
greater as P; becomes smaller. The jth uncertain parameter may
be influential when the value of P; is greater than, but close to, a.
Potential influentialuncertaintiesare found by ranking the values P;
in ascending order, as shown in Fig. 5. To confirm whether the po-
tential influential uncertainties are indeed influential, further MCSI
should be performed. If the jth uncertain parameter is actually in-
fluential, the corresponding P; becomes small as Nycsr increases.
Thus, the value and order of P; are essential for the identification
of influential uncertain parameters.

Summary of the Identification Procedure

The procedure of the presented identification method is summa-
rizedin Fig. 6. Afterasystemis evaluatedby MCE, theidentification
procedure is carried out by the following steps. First, take an un-
certain parameter input vector € that results in a failure in MCE.
Second, generate test vectors, €}, i =1, ..., Nycsi, using the el-
ements of €. When €7, is generated, the number of times each
uncertainty is incorporated in Nycg test vectors M; is obtained.
Third, perform Monte Carlo simulationsincorporatinge’,, (MCSI).
Fourth, count both the number of unsatisfactory simulation results,
Np, in Nycsi simulations and the number of each uncertain para-
meter My;, j=1,...,n, which are included Ny test vectors that
caused unsatisfactory simulation results.

In the next step, hypothesistesting is carried out as follows. Fifth,
assume that each uncertain parameter has no influence on the sim-
ulation result (the null hypothesis). For each uncertain parameter
er(J),calculate p; (x), the probabilityof x failuresoccurringamong
M; simulations. Sixth, for each uncertain parameter, calculate the
p value P; =Pr[x > Mg;]. Seventh, rank P; in ascending order
to see the significance of each uncertain parameter contributing to
an unsatisfactory result. Finally, identify influential uncertain para-
meters by comparing P; with the level of significance a. If P; is
smaller than «, the null hypothesisis rejected and the corresponding
uncertain parameter £ () is determined to be influential. When P;
is a little greater than « (potential significant uncertain parameter),
additional MCSI may be necessary to confirm the significance of
uncertain parameter ez (j).

A system is evaluated by MCE

@ &, created (N, M)

;

® MCSI performed
(N,cg simulations)

. B

@ N,, M 5 Obtained

S 1 ... Hypothesis Testing _

® p,(x) calculated by Eq. (10)

® P, calculated by Eq. (12)

@ P, ranked in ascending order

.

Influential uncertainties identified

u

Fig. 6 Procedure of influential uncertain parameter identification.

Nyes test vectors
A
~ * , —
—~ & N En €y Er3 FNucs:
() [ () 0 g0 (D) M elements
£.(2) i 0 £,(2) 0 £.(2) J M elements
£:(3) i\ £,(3) 0 £.(3 0 1 M elements
£.(4) :>1 £.(4) 0 0 0 I M elements
£:(5) 1o £:(5) 0o | £.(5) 1M elements
£.(6) 10 £.(6) £,(6) 0 ‘ M elements
£.(7) [l €D e,.(7) 0 0 “M elements
£.(n) L Er(m) 0 0 g:(n) | M elements
N J
(M =rNycy )

[ Each element, €.(j), is included in M test vectors.

Fig. 7 Modified test vector generation.

Modification of Test Vector Generation

In this section, a modified method for test vector generation is
introduced. An advantage of this method is that the order of P; is
obtained without calculating P;; in other words, the candidates of
influential uncertainty, which have small values of P;, are found
before hypothesis testing. Another advantage is that computation
load of hypothesis testing is reduced. Test vectors are generated by
the modified method as follows.

Test vectors are generated so that the number of times each un-
certain parameter occurs in the test vector set, M}, is the same for
all uncertain parameters. That is,

M;=M, j=1,...,n (14)

where M is chosen to be
M = rNycsi (15)
The number M is rounded off to the nearestinteger. This manner of

generation is shown in Fig. 7. Each ¢ (j) is allocated randomly to
M test vectors. When Eq. (14) is satisfied, Eq. (10) becomes
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(NF Cx)(Mvncsn - Nr Cu —X)

Nmcst Cu

pj(x) = p) = . j=1....n

(16)

The distribution p;(x) then becomes the same for all uncertain pa-
rameters £ (). The upper cumulative probability P; is calculated
using Eq. (12) as

P = Z (), j=1,....n (17)

x=MFj

An advantage of this method is that the value of P; in Eq. (17)
depends only on the number of p(x) to be summed. Because P;
becomes smaller as Mr; becomes greater, the ascending order of
P; is consistent with the descending order of M that is obtained
by MCSI. Thus, the order of P;, which is the order of parameter’s
significance, can be obtained before calculating p(x) or P;. An-
other advantage is that, because the calculation of p;(x) for all j
is unnecessary, the computation load of hypothesis testing is re-
duced. This reduction of computation load becomes increasingly
effective as Nycs; becomes larger because p(x) requires a calcu-
lation of three binomial coefficients in Eq. (16). However, in the
modified procedure, the number M must be determined before the
generation of test vectors, whereas the generation procedure shown
in Fig. 2 has no such a restriction. The generation procedure shown
in Fig. 2 is simpler than the modified procedure. Thus, in practice the
generation procedure of Fig. 2 may be convenientin some applica-
tions although the modified procedure has the advantagesdescribed
earlier.

Application to Autonomous Flight System

To demonstrate the practical application of the identification
method, it is now applied to the identification of influential un-
certainties in the automatic landing flight experiment (ALFLEX)
unmanned autonomous flight system. First, the ALFLEX flight-test
programand its Monte Carlo simulationresultsare introduced. Next,
influential uncertain parameters are identified by the procedure de-
scribed. Then, the influence of Nycs; on the reliability of the iden-
tification result is investigated. Finally, the identification method
is compared with sensitivity analysis, a conventional method for
identifyinginfluential parameters. The advantages of the presented
identification method are also discussed.

ALFLEX Program

The ALFLEX program was conducted in 1996 to establish au-
tomatic landing technology for a future Japanese unmanned reen-
try vehicle. There were 13 automatic landing flight experiments
successfully conducted at Woomera Airfield in South Australia. A
three-view schema of the ALFLEX vehicle is shown in Fig. 8. De-
tails of the ALFLEX experimentandits controlsystemare described
in Ref. 17.

Parameters

90y

=
Mass 796kg -
Length 6.105m R SE—
Span 3.785m

Body Height 1.147m
Wingarea  9.45m?

__-__._._._B-_.

Figure 9 shows the landing experiment flight profile. The
ALFLEX vehiclestarts the experimentsuspendedfrom a helicopter.
After the vehicle is released into free flight about 2700 m from the
runway threshold at a height of 1500 m, it is guided to follow a
predetermined reference path, controlled by an onboard computer.
The flight is divided into a number of phases: an equilibrium glide
phase, a preflare phase, and a final flare phase. In the preflare phase,
the vehicle pitches up and air speed is reduced; then in the final flare
phase, sink rate becomes the primary controlled variable to give a
softlanding. Differentlongitudinalguidancelaws were designed for
each flight phase based on corresponding linear models and were
smoothly connected. The system is, thus, highly nonlinear, and is,
therefore, a case for which MCE is effective.

In preflight Monte Carlo analysis, various uncertain parameters
and their distributions were assumed. The types of uncertainties are
shown in Fig. 10, and the total number of uncertain parameters con-
sidered was n =103, as shown in Table 1. Computer simulations
incorporating the uncertainties were performed of flights from ve-
hiclereleaseto landing,and the simulation outcomes were classified
according to the touchdown state requirements shown in Table 2.
Table 3 shows the numbers of simulation cases in which one or
more of the requirement criteria were exceeded. In Table 3, unsta-
ble means that the vehicle became unstable and was unable to reach
the runway. The total number of unsatisfactory cases is shown at
the bottom of Table 3, and its value differs from a simple sum of
the numbers of requirement violations shown becausein some cases

Table1 Uncertain parameters

for ALFLEX model
Number of
Category parameters
Sensor error 38
Vehicle model error 41
Environmental condition 6
Initial condition 18
Total 103
‘Vehicle Release
Equilibrium glide
phase
X Pre-flare phase
Final-flare

Touchdown phase
At

Runway threshold | 2700m |
Fig. 9 Flight profile of ALFLEX landing experiment.

2

][]

1.147
285

1.500

[Unitm]

3.413
T A —
13
— 3 )
S \
=
1.113 S
4.157
5.550 !
6.105

Fig. 8 ALFLEX vehicle.



620 MOTODA AND MIYAZAWA

Table2 ALFLEX touchdown
performance requirements

Touchdown

state Requirement

Position® X>0m,|Y|<18m

Velocity Ve <62 m/s, 7 <3mls

Attitude ® <23 deg, |®| <10 deg,
[W| <8 deg

Side slip |Bc| <8 deg

“In runway coordinate system; the origin is at the
runway threshold, the X axis is directed along
the runway centerline and the Z axis is directed
downward.

Table 3 Numbers of cases exceeding
each requirement in 1000 MCE

Number of
Parameter cases
X 7
Y 0
z 31
Vs 8
® 0
(0] 0
v 3
Ba 0
Unstable 1
Total 40
—{ Sensor Error E

* Measurement Error of
Inertial Measurement Unit (IMU),
Air Data System (ADS),
Microwave Landing System (MLS),
Radio Altimeter (RA)

—‘ Vehicle Model Error I

+ Aerodynamic model error

* Inertial characteristics error
* Actuator model error

——{ Environmental Error I

* Wind Condition
+ Gravitational acceleration,
Temperature, Pressure

| Initial Condition |

+ State variables of vehicle release
* Initial navigation error

Fig. 10 Uncertain parameters incorporated into ALFLEX Monte
Carlo simulation.

more than one requirement was exceeded. In this result, 4% of all
cases were unsatisfactory. An example of the distribution of simu-
lation touchdown states is shown in Fig. 11. The solid lines in these
graphs indicate the requirements of Table 2.

Identification of Influential Uncertainties

From the results of 1000 MCE (Nycg =1000) as shown in
Table 3, the touchdown sink rate requirement was found to be the
most frequently violated touchdown state with 31 cases failing to
meet the requirement. The influentialuncertain parameters affecting
touchdown sink rate will be now identified.

In this example, the number of uncertain vectors e that caused
unsatisfactory simulation results is 31. If one of the 31 uncertain
vectors is selected and used to generate test vectors according to
the procedure shown in Fig. 2 or 7, then the influential uncertain
parameters for the selected vector will be identified. Thus, a set
of influential parameters is derived for each of the 31 uncertain

20

15 ¢
10

0 200 400 600

70

Vg,m/s

Fig. 11 Touchdown states of 1000 MCE.

Ny vectors

fall Y

Uncertain parameter vectors
Eris Epps s Epap Bppn s Epay Eppa e (which resulted in the violation of
touchdown sink rate requirement)

NP T) AL 3

. . .. . N Test vectors
Epis8ras s Bpais B gttt Brgas Bpgas T (which are used for MCSI)

Fig. 12 Test vector generation for the ALFLEX example.

vectors. However, because the identification procedure, which is
shown in Fig. 6, must be repeated 31 times for each €z, substantial
computationtime is necessary. To avoid this burden in this example,
the 31 uncertain vectors of € are treated simultaneously to derive
the influential uncertain parameters for all 31 unsatisfactory cases.
Inpractice,itisimportantto find the influential uncertain parameters
that affect the most unsatisfactory cases.

The identification procedure is as follows. First, take the 31 un-
certain parameter vectors of simulation cases that failed to meet the
touchdown sink rate requirement. Second, arrange these 31 vectors
€r; in succession. Line up Ny cs; uncertain parameter vectors, €g;,
i=1,...,31, in sequence as shown in Fig. 12, repeating the se-
quence as necessary because Ny cs; is usually larger than 31. Third,
create Nyicgsy test vectors €}, from the corresponding Nyics vectors
of e, such that Egs. (14) and (15) are satisfied, as shown in Fig. 7.
Fourth, conduct Monte Carlo simulations incorporating these test
vectors €%, i =1, ..., Nycsi. Fifth, obtain the number of unsat-
isfactory simulation results, Nr, and the quantities Mp; for each
uncertain parameter £5(j), j=1, ..., n. Finally, calculate P; for
each uncertain parameter using Eqs. (16) and (17). When P; is less
than the level of significance «, the jth uncertain parameter is de-
termined to be influential.

In this analysis, the constants r and Nycs; are set to

r=20.5 (18a)
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Table 4 Identified influential uncertain parameters

Uncertain

parameter P, % Mp; M
ACy, 4.70 x 10713 108 500
A AXrandom 5.37 x 107* 91 500
AAZrandom 127 x 1073 90 500

Table 5 Results of 1000 MCE

Removed uncertain No. of

Case parameter failures®
1 None 31
2 ACmgy, AAXrandom»> AAZrandom 0
3 ACmy 20
4 A AXrandom 29
5 A AZrandom 26
6 ACmg, AAZrandom 6
7 ACmy, AAXrandom 7

A AXrandom» AAZrandom 17

*Number of cases exceeding touchdown sink rate requirement.

Nycest = 1000 (18b)
Therefore,
M = r Nycs; = 500 (18¢)
The level of significance is obtained using Eq. (13). Namely,
a=1/(10x103)~0.1% (18d)

As aresult of Nycs; Monte Carlo simulations, the number of unsat-
isfactory simulation cases is

Ny =134 (18¢)

The identified uncertain parameters and the corresponding values
of Mp; and P; are shown in Table 4. The uncertain parameters are
an aerodynamic uncertainty AC,,, and two sensor measurement
random noises A AXpngom and A AZudom. The values of P; for these
three uncertainties are much less than «, indicating that these para-
meters affect touchdown sink rate significantly, whereas P; for the
other 100 uncertain parameters are greater than «. In this example,
because M is chosen to be the same value for all uncertain para-
meters, the ascending order of P; is consistent with the descending
order of Mp;.

To confirm that the identified uncertaintiesare indeed influential,
the three identified parameters are removed from the original Nycg
vectors of € and Monte Carlo evaluation is performed again. The
result, shownin Fig. 13, can be compared with Fig. 11, which is the
result before the removal of the identified parameters from the sim-
ulations. The numbers of cases now violating touchdown sink rate
requirements are shown in Table 5. When the three identified un-
certain parameters are omitted from the Monte Carlo simulations,
the number of resulting unsatisfactory cases becomes zero (case
number 2). On the other hand, if any one of the identified uncer-
tain parameters is incorporated, cases that violate the requirement
occur (cases 3-8). These results confirm that the three identified
uncertainties are indeed influential on touchdown sink rate.

Table 5 also shows that the number of unsatisfactorycases arising
when AC,,, is removed from the simulations is much less than for
simulations incorporating AC,,, . It is, therefore, considered that
AC,,, is the most influential parameter on touchdown sink rate.
This result is consistent with Table 4 in which the p value of AC,,,
is significantly smaller than for the other uncertain parameters.

Influence of Nyicst

Generally, the result of a hypothesis test becomes more reliable
as the number of samples increases. The influence of Nycs; on the
result of the hypothesis test is now investigated.

In Fig. 14, the values of P; for each uncertain parameter are plot-
ted for several values of Nycsi. The values of P; for all uncertain

20
15+
10+

0 200 400 600

60 70
Vg , m/s

Fig. 13 Touchdown states of 1000 MCE excluding uncertainties of
AC}"Q’ AAXrandoms AAZrandom-

parameterser(j), j =1, ..., n,areindicatedby dots. The three val-
ues of P; that correspondto the identified three influential uncertain
parameters, which are shown as dotted lines, become small as Nyjcs;
increases, whereas the P; values for most uncertainties are greater
than «. Thus, influential uncertain parameters are more likely to be
identified as Nycs; increases. In this example, when Nycg; is greater
than 800, the values of P; for AC,, , A AXingom, and A Az pngom are
less than the level of significance. On the other hand, identification
becomes more difficult as Nycs; becomes smaller. For example,
when Nycsi =200, because the values of P; for AAxnaom and
A AZandom are greater than «, the null hypothesisis unable to be re-
jected. However, AC,,, canbe identified as an influential parameter
even when Nycs; = 200 because P; for AC,,, is much less than «r.
From the results, when the influence of an uncertain parameter on
the simulation outcome is strong, the uncertain parameter can be
identified even when Nycg is small, indicating that the value P;
shows the significance of each uncertain parameter.

Comparison with Sensitivity Analysis

The presented identification method is now compared with sensi-
tivity analysis, whichis a conventionalmethod for finding influential
uncertain parameters. After influential uncertainties on touchdown
sink rate are analyzed by sensitivity analysis, the advantages of the
presented identification method are discussed.

In the sensitivity analysis, the influence of each uncertain para-
meterisindividuallyinvestigatedby simulation;in other words, only
one uncertain parameter is considered at a time. When a significant
failure outcome is due to the incorporation of an uncertain para-
meter, the parameteris identified as influential. For each simulation
in the ALFLEX sensitivity analysis, the 3o value of the uncertain
parameter under investigation was incorporated and the touchdown
sink rate result expressed as a difference from the nominal value of
0.61 m/s. Figure 15 shows the 10 most influential uncertain para-
meters on touchdown sink rate as determined by this process. By
this method, AC,,, is identified as an influential uncertain para-
meter because the touchdown sink rate for the case incorporatingthe
30 value of AC,,, is 3.47 m/s (=0.61 + 2.86), which exceeds the
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Fig. 14 Influence of number of simulations Ny;csy on the hypothesis test.
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Fig. 15 Influential uncertain parameters on touchdown sink rate by
sensitivity analysis.

requirement of 3.0 m/s. Because such a result is of great conse-
quence for an automatic landing experiment, a preliminary flight
test of the actual ALFLEX vehicle was conducted to estimate its
aerodynamic characteristics and the variation of AC,,, was conse-
quently reduced.!!

Although AC,,, is correctly identified as an influential uncer-
tain parameter, sensitivity analysis fails to identify A Ax,gom and
A AZingom- The influence of A Ax,pgom 1S similar to those of other
parameters except AC,,, in Fig. 15, and A AZ;jngom Was unable to
be identified. From the results, sensitivity analysis is insufficient
to identify influential parameters when the following cases occur
in MCE. First, failure cases might occur due to particular combi-
nations of uncertain parameters, even though the sensitivity of the
system to each of these parameters individually may be quite small.
In such cases, sensitivity analysis is unable to reveal the influential
uncertain parameters because it only examines the influence of each
uncertain parameter individually. Second, the influences of random
noises, such as A AXngom OF AAZnd0m» can vary dependingon their
time histories. For these uncertain parameters, sensitivity analysis
can be ineffective because only a single simulation is performed for
each uncertainty.In MCE, because multiple simulations incorporat-
ing uncertain random noises are carried out using different random
generation seeds (and, thus, different time histories) for each trial,
such sensitivities are revealed. To investigate the influence of ran-
dom noises, 1000 MCE are performed incorporating each random
noise, A AX undom OF AAZ andom, a8 shown in Fig. 16. The touchdown
sink rates vary from less than 0.1 to 2.2 m/s when A Az;p40m alone

200

150

100

Frequency

50

1 2
Touchdown Sink-rate, m/s

Only AAz,ndom incorporated

Fig. 16 Influence of random seeds on touchdown sink rate in 1000
MCE.

is incorporated. The sink rate of 2.2 m/s is quite significant result
for one parameter’s influence, whereas the influence of 0.1 m/s is
almost negligible. Thus, it is shown that touchdown performance is
sometimes seriously affected by the difference of random seeds be-
tween simulations. If local characteristics of time sequencerandom
data, such as mean value, are biased during a critical flight phase,
the vehicle’s landing performance is seriously affected.

In summary, althoughsensitivity analysis gives valuable informa-
tion about influential uncertain parameters, there are cases where it
will fail to detect influential parameters. The identification method
presented in this paper overcomes these problems because the in-
fluence of each uncertain parameter is randomly investigated using
Monte Carlo simulation, MCSIL.
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Conclusions

A method of identifying uncertain parameters that significantly
affect the outcome of MCE was presented. In this method, test vec-
tors are created as inputs to further Monte Carlo simulation (MCSI),
and a statistical hypothesis test is applied to the result to determine
whether or not each uncertain parameter is influential. The practical
effectiveness of the method was demonstrated by its application to
the preflight MCE results of the ALFLEX program, and influen-
tial parameters affecting touchdown sink rate were identified. The
relationship between the number of test vectors and the reliability
of hypothesis test was also investigated. Finally, the results of this
identification method were compared with those obtained by sensi-
tivity analysis, a conventional method of finding influential param-
eters. The comparison confirmed the advantages of the presented
identification method. With this identification method, Monte Carlo
simulation is expected to become a more useful and attractive tool
for system evaluation.
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